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mini.nl types
T : := int f bool / unit

I T -1T IT ✗ I / I → T

e : :-. 3 / true (c)

I fste 1 side / (e. e)

11ft el ryte / case e of 1ft ✗⇒elryt ✗⇒e
I let val ✗ =e in e end

I let fun ✗ ✗ =eine end

I fn ✗ ⇒ e I ee I ✗

I e + e I e ce le adalsoe

Mini ML type rules

Mt 3 : int Tt true : bool Tt C) i. unit

Tt e : oxe Tt e : once Tt e , :O Ttez :-c

Ftfste :O Ttsnde :-c Tt (eyez) : on

the :O The :-c Pte :O-1T Fx :O te, :P My:-< te, :p
ft lffe : o-i-TI-rgteio-i-cftcaseeoflftx.iq/ryty--7ez :p

Ttd :O Tix:O 1- e :-C T,f:o→i,✗ :O tr :-c T,f :O->ate :p

ttletvalx-dineerdi.TT Ttletfunfx __ ✓ in e end :p

Tix:O 1- e :-c Pte
,
:O-7T Ttez:O

tt:→ Tite , ez :-c Ttx :T(⇒

1- te
,

: int Ttezint Ttei.iitttei.int Pteibodttez :bool

Pte , + ez : int rte
,
< ez : boot ftp.adalsuei.buol



Intuitionistic propositional logic CID
A 1- B 1- A 1- A ⇒ B

D.A 1- A DTA ⇒ B 1- B

1- An B Dt An B A- 1-A DTB

A- 1- A 1- B At An B

1- A Dt B At AVB A.Atc D)Btc

Dt 1- B A 1- A v13 1- C

some theorems in IL

(t) Canis ⇒ c) ⇒ G- ⇒ Cos ⇒ c))

ft) (a ⇒ ( 13=>0) ⇒ (An B ⇒ c)

their proof terms

(A) tfnf ⇒ fu ✗ ⇒ try ⇒ f- (x,y) :@B)→8)→G→H→rD

(F) 1- fuf ⇒ fnp ⇒ f- Cfstpcsrdp) :G→G→rD→G×P→D

curry
-Howard

these mini ML terms
' trees that establish their

types correspond to analogous proofs in IL
of their corresponding propositions (A) ad (f)
This showcases the Curry - thwart correspondence



context-based senates

let's give a stack- based semantics for

evaluating MiniML terms
.
We first define

values :

vi.= numln) / and (b) / fnfx,e)
Then we define evaluation contexts :

C :: = plus (o,e) I plus (v, o)
I apply↳ e) I apply Cr,

o)

I letGo,e) 1 if lo , e ,e)
F. inky ,we

define stacks :

E : :-. • ( E ; C

with these we define a relation

5
,

→ Sz where S : := ED e / Eov

by the rules:
Ei> plus(e , , ez) → E ; plusG.e.) ☐ e ,
E ; plus (o, e)or →> E ; plus (v, o) ☐e

E
; plus Cnumcni) , 0)

0 numbs) →> Eonuncn , +a.)

E. ☐ if (e) eyed→ E
;
if (o
,
e
, ,e.) i> e

E; if (o , e , ,e.) o cud(true) → Else
,

E ; if f. 0, e , , e.e) ☐ and C.false)→ [ Dez

Etileitfx , d,e) →> E; letGao,e) ☐d
E.
,
let Go,e.)or → E ☐ Elise

El> apply (eyed→ E ; apply Co,e.) Dei
E ; apply Co , e) ☐ ✓ → E ; apply Cv, o) i> e

E ; apply nlx,e)e)or→ Sis [Yx] e

ED v →> Ear



control operators
let's introduce a few more constructs to MiniML

e : := catch K in e I throw e. at ez I abort e

The
"

catch
"

term introduces an "

escape hatch
"

through
which evaluation can be stopped within e

,

"

throwing
"
a value back out to the context where

the catch resides . It is similar to an exception,
and is a kind of " jump

"

for FPLS . The name K

is often called a continuation . The
"

throw
"

term

performs that "

escape
" by feeding a value to

some continuation .

"
Catch

"
is

" leta
"
in the literature .

Here are the semantics :

• We extend values with

vi.= resume (E)
•We extend contexts with

C : := throw (e) 071 throw (or) / abort(o)
• We extend the rules for → with

ED catch CK
,e)→ Ei> [resurrect>he] e

ED throw (eyez)→ E
;
throwCe , ,071>ez

E ; throw Ce, 0) or→ E ; throw(o, v71>e

E ; throw (o, resume(5)or → Éov

EE abort(e)→ E ; abortG) te

E ; abortG) or →> • ☐ ✓

We see that
"

catch
"

captures the context E , and
" throw

"

resumes some context É with the tossed value .



Example use of control operators
The function below computes the product of a list
of integers , but exits out early ✓ if a 0 is hit

.

with a"throw
"

fun productHelper k l =
if nuke then 1
else if (hd e)=o then (throw 0 at K)

else Cad e)* (productHelper K Geed
fun product l =
catch K in (productHelper K e)

the is a similar function
,
but it is tail recursive

and also it escapes in all cases , i.e. all evaluation
"

paths
"

.

fun productHelper kl p
if nuke then (throw P at K)
else if Chd e)=o then (throw 0 at K)

else (productHelper K Gee) (Cad e) x-p))
fun product l =
catch kin (productHelper k l 1)

A brief note on their addition

These operations , and similar ones
,
were introduced to

provide features to f-pls that might possibly enable others
,

for example , things like • multi -threading
• co -routines

• exceptions
• callbacks

They also provide, ig a first class wa a mechanism that is mimicked by
"antineutron passing style

"

(oi CPS) , one that was being adopted by she FPL

progrunners for efficient coding , and for FPL compilation :
we'll consider CPS later

,
and first play a bit with control .



Another
a Example use of control operators

.

This code outputs a string that normally gives
the division of 100 by some integer input .
But there are two exceptional cases , and these
are handled by

"

throw " operations .
• a division by 0
• entry of a story that is hot an integerlet

fun digit of err c = if c-
'
O
'

•rebec> ' 9
'

then (throw "not an int
" at err)

else ord (c) - ord ( 'o')
fun getInteger err m=
let val c-- get Char C)
in if a- ' in ' then m

else let val D= digitof err c
in fgettntegeerrcmxiotd))

end
end

fun divideByInput err n =
let val m= getInteger err 0
in
if m=O then (throw "

division by zero
"

at err)
else
sift.String (n diu m)end

in
catch err in (print (divideByInput err 100))

end



Example (cont 'd)
The stack-based semantics behaves differently
in evaluating the sample expression in three

scenarios : ① entering an integer that is not 0
④ entering 0 .

⑤ entering a character that is not a digit
In each scenario ,the state looks like this just before the

top- level call to divideByInput :
• ; putG) i> apply (apply (DBI , resume for ; print(o)))gunman)
there

,
DBI is the term for the divideByInput function .

Notice that err will be the continuation

resume (• ; pint(o))
this is the "captured context

"

awaiting a sting
to be thrown to it

• let's consider each of the scenarios
,
in turn:

( They enter the integer 42 .
In that case the

variable m will bound to 42 like so

• ; pnitco) ; btlm.o.it C. 7) a nun (42)
and evaluation continues as
→> • ; point (o) t if (equals (nuanced, nvm ,

. . .

,
. .
.)

• • a Covent steps omitted)

→> • jpr.it (o) ; apply GTS , o) ☐ div (nuncio),nunGD)

p o ro

→> • ; print (o ) o
txt (" z '?

and so we output the result string of the division :
"

z
"



④ suppose iistue they enter 0
Then the stuck state is similar

• ; pnitco); let (mio , if f-7) a nunG)
But instead the equals test will return

ad (true ) and this will lead to the throw

-5> • ; print ( o) ; if (o , . . . , . . .) ☐ end Grue )
→> • ; print (o) ☐ throw (txt("diiwby zero

")
,
resume (• ; print677)

→> •
; print (o) ; throw (txt (

"

divis- by zero
")
,
o) ☐ resume (• ; printG))

→> •
; print (o) ; throw (txt (

"

divis- by zero
")
,
o) o resume (• ; printG))

→> •
; print (o) ; throw ( o

,
resume (• ; printG)7) ☐ txt ("divis- by zero

")

→> ( o
,
resume (• 0 txt ("divis- by zero

")

Now that we've resolved the value to be thrown
,
we throw out

the mdeiuedwnHxt- and resume execution with the captured
context that the target of the "

throw
.

"
this leads to

_→> •
; print (o) 0 txt (

"

divis- by zero
")

-

Which outputs the error message .

② Suppose instead they enter
"
a

" instead of
"

42
"

or

"

o
"

then
,
within digit of we obtain this state

s•• ; pinta ; btfn ,
•
,
if f.7)*ktldio.btlmi.it#wtwtatFrewmel.;pnitGo)) )

so
, just live in the last eagle , the mechanism takes

a few steps to figure out that both sub terms of throw

are already simplified to values
. That leads to the

stale

> • ; print ( o) o txt (
" not an int

" )

this replaces the stacked up context undeliredabove



control •peat- typing rules
• We add a new type to the system
I :-.= ~T

This type is cont(t) . It is the type of a.
continuation awaiting a value of type T.

9

• we add these typing rules
P
,
K : ne t e : I Tt ez : -T Tt e, :-c

T 1- catch K in e : I T 1- throw e
,
at ez : o

• Note that , since
a throw leads to an

"

escape
"

,
it

can be placed in any context
. It can have

any type 0 . Furthermore , the expectation is that
the value thrown has a type? that thenÉontinuati. awaits .

• Note also that the type of the
"catch"

expression e matches the typeI expected to be thrown
to the continuation K . It turns out that

not all "

paths
"
to possible resulting values of

e have to escape . This is because e can just
evaluate normally to a value of type T .

alternatives

Historically , control was provided by a construct cake

The use cnltcccfnk ⇒ e) is equivalent to catch kin e

There is an alternative control Cfn K⇒ e) in the

literature
.

for it
,
e never returns . All paths in e throw/escape

see Felleisu et al . [theoretical CS
'

87] for some details .



Curry
-Howard w/ control

• We introduce another type void ,one that
has no values :

I ::= 1-

• We charge the type discipline of throw
so that it yields type void (i.e. never

returns ) .
T tea :~I Fte

,
:-c

T 1- throw e, at ez : I

• Furthermore , we insist that all evaluation paths
within a catch expression lead to an escape/throw.

T
,
K : -I 1- e :L

Tt catch K in e :-c

• And then
,
for a certain completeness, we include

Tt abort (e) : or

squinting at these rules ,we get a
correspondence with
classical logic (a)

,
-1A 1- 1- Dt -A ☐ 1- A ¥

A 1- A ☐1- 1- DTA

These allow additional proofs, including proof by contradiction,
and we give meaning to logical negation and absurdity



Some theorems of CL

d- ⇒1) ⇒ -A
n A ⇒ G- ⇒ 1)

(A ⇒ B) ⇒ C- B ⇒ -A)

C- B⇒ -A) ⇒ (A ⇒ B)
--A ⇒ A 3- double negation elimination (DNE)
A ✓ - A ]- law of the excluded middle (LEM)

the proof terms ( using Mini ML + control) :

1- fink⇒ catch E in klatch K in (throw Kat E)) :(✗→1)→ no

1- fink⇒ fu ✗⇒ throw ✗ at K : no→ (2-71)

1- fu f-⇒ fine ⇒ catchEin throw f- fake kin than Kat E) at 1)
:@→ B) → Gp → -a)

1- fut ⇒ fix ⇒ catch Lin throw ✗ at Ta : GB → ~a) →@ → B)
1- fr E⇒ catch K of throw K at E : ~ ~ ✗ → a

1- catch o in throw 1ft Catch K in (throw (gtk) at 07) at 0
I ✗ + ~✗

Here ,for example , is the proof tree for the last :

- (Av-A) , ^A t -A

- (AvnA) , -A 1- > G-v-A) CANA) , -A 1- Av -A

- G-v -A),-A 1- 1-

- (Av -A) 1- A
-(Av -A) t - (Av-A) - (Av -A) 1- AMA

- (Av -A) 1- 1-
1- A v - A


