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2:1 MULTIPLEXER CIRCUIT

LECTURE 06-1: DIGITAL CIRCUITS

RECALL . . .

-

Let's express the logic using AND, or,
not

. . .

T.io - II t 5.io - iz
-

of + I :÷i:
S -To - is t s . Io . I

,

Note that :

$ . ioo.IT, * I. doo . ± 55 . fit. * ii. D ⇐ 55. iioo . I ⇐ $.io
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Properties of boolean algebra :
-

a.b = b. a
- commutative- atb = b ta

( a . b) . c = a o (b . c)- associative - ( at lb ) t c = at Cbtc )
1. a = a- identity- O + a = a
O . a = O-

-

an chit ator- It a =L

a. (btc ) = Ca . b) + ( a. a-distributive - at lb . c) = (at b ) . (at c)
a. a = a-Idempotent- at a = a

a. I = O- complement- a ta = 1

Fb = a- t
-

b-De Morgan's- Cats) = I . I

others :
E = a
-

a.b t a. I = a

-0=1
at ab =

a
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Proof that a. (btc )= a. lot a. c

'
" "
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Proof that a. (btc ) = a. bt a. c

÷÷i÷E÷÷÷÷
"

(
same
#
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a. b = b. a

claim : I = U (a. b) • c = a. (b. c)
- 1. a = a

O . a = O
Pf : a. (btc ) = ( a. b) + (a. Ct
-

a. a = a

a. I = 0

Fb = a- +5

atb - bta
( at b) to = at Cbtc )
Ot a =a

It a =L
at (b. c) = (atb ) . (at c)
at a = a

ata = 1

Cats) = I. I
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a. b = b. a

[( aim : I = U (a. b) • c = a. (b. c)
- 1. a = a

O . a = O
Pf : = = a. (btc ) = ( a. b) + (a. Ct
- a

=
a. a

a. a = a

- a. I = O
= a- to Fb = a- + I

= a. a atb - bta
( at b) to = at Cbtc )

= a Ota =a

It a =L
at (b. c) = (atb ) . (at c)
at a = a

at a- = 1

Cats) = I. I
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a. b = b. a

Claim ! -0=1 (a. b) • c = a. (b. c)

-
1. a = a
O . a = O

Pf : a. (btc ) = ( a. b) tea . Ct
-

a. a = a

a. I = 0

Fb = a- +5

atb - bta
( at b) to = at Cbtc )
Ot a =a

It a =L
at (b. c) = Cats ) . (at c)
at a = a

at a- = 1

Cats) = I. I
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a. b = b. a

Claim ! 8=1 (a. b) • c = a. (b. c)

-
1. a = a
D. a =D

Pf : - T for some a
a. (btc ) -_ ( a. b) tea . Ct

- O = a • a
a. a = a

a. I = O

= a- + a Fb = a- +5

atb -_ bta
= 1 (at to = at Cbtc )

Ota = a

1+9=1
at (b. c) = Cats ) . (atc)
at a =a

at a- =L

Cats)= I. I
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a. b = b. a

claim: A - b t A - B = A
Caob ) .c= a. (b. c)
1. a = a

Pf :
Qa -

- O

- a. (btc ) = ( a. b) + (a. Ct
a. a = a

a. I =O

Fb = a- +5

atb -_ bta
( atb)tc= at Cbtc )
Ota =a

1+9=1
at (b. c) =Catb ) . (atc)
at a =a

at a- =L

Cats) -_ I. I
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a. b = b. a

claim: A - b t A - I = A
(a. b ) .c= a. (b. c)
1. a = a

-

D. a =D
Pff a. b. ta - b

a. (btc ) -- ca.bltla.CI
a. a = a

= a. ( bib) a. a- =o

Fb = a- + I

= a. I
atb - bta

( atb)tc= at Cbtc )
= IDA Ota -_ a

1+9=1

= A

atlb.c7-CatbJ.Catc3ata-aata-1@Tb7-a.I
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a. b = b. a

Claim ! At a.b= A (a. b) • c = a. (b. c)

-
1. a = a
D. a =D

Pf : a. (btc ) -_ ( a. b) + la .

- a. a = a

a. I =O

Fb = a- +5

atb -_ bta
( at b) to = at Cbtc )
Ota =a

1+9=1
at (b. c) = Cats ) . (atc)
at a =a

at a- =L

Cats) -_ I. I
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a. b = b. a

Claim ! At a.b= A (a. b) • c = a. (b. c)

-
1. a = a
D. a =D

Pf : a. (btc ) -_ ( a. b) tea .

- a. a =a

a + a.b= a. It a.
b

a. a- =o

= a. ( Itb) Fb = a- +5

atb -_ bta
= A . I (atb)tc= at Cbtc )

Ota =a

1+9=1
= a

atlb.c7-CatbJ.Catc3ata-aata-1@Tb7-ai.I
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Let's think about rule a. b ta - b- = a

this means we can rewrite
truth table . .

.

li.dz . . . .

.x+i
. . . - la - i. In -

. :

l
, .dz .

.
- i. Ii . . . - • In - i. Ln : .

b. bi - - O . - - tomb . I *

as l . . ' -→liiliti " - In
b. bi . ibn. .! t# ! :

.

(
smaller product

"

covers
"

* and I
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--

This means that we should organize
truth tables

differently .

Consider k -dimensional hypercube .
. .

I OO
ooo-\

/↳ co 1- 110
001 Y ' ° '

y )\
O l l- l l l

K =3
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--

This means that we should organize
truth tables

differently .

Consider k -dimensional hypercube .
. .

ooo-
'

µ
truth table for 2 :L Max

/↳ co 1- 110 -

** ÷,i÷÷µ÷.O l l- l l l
EE

O

K =3 I KE
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This suggests that we should organize
truth tables

differently .

Consider k -dimensional hypercube .
. .

I OO
ooo - \

/↳0/-110
001 Y ' ° '

y )\
011- l l l

K =3
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This suggests that we should organize
truth tables

differently .

Consider k -dimensional hypercube .
. .

truth table for 2 :L Max

÷÷÷÷÷÷÷i÷÷÷:
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This suggests that we should organize
truth tables

differently .

Consider k -dimensional hypercube .
. .

truth table for 2 :L Max

:i÷÷÷÷÷: ÷
CEE

O

l BE
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DIN : a GW is a cyclic sequence of all 2k
bit patterns of length K

,
whee consecutive

patterns differ by only one bit

coo
Note a cyclic walk thru

000 - \ hypercubeµaot"0 E.g
001 1- " °# 000,001,011 , 1111101 ,
\

011- 111
100
, 110,010,000, . . .
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DIN : a GY is a cyclic sequence of all 2k
bit patterns of length K

,
whee consecutive

patterns differ by only one bit

Note : It's also a walk
-

thru a Venn diagram

|]* Foo
. ooh "" " " " "

100
, 110,010,000, . . .
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DIN : a GW is a cyclic sequence of all 2k
bit patterns of length K

,
whee consecutive

patterns differ by only one bit

Notes It's also a walk

E.g .

the arena diagram

000,001,011,111,101 ,

100,110,010,000, . . .
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karnanghmapo.az
- dimensional unfolding of a hypercube

• a truth table with hypercube adjaaacies
ioi ,

O o O l l l 101

stiff
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Karnangh Map-
⑧ a 2 - dimensional unfolding of a hypercube
• a truth table with hypercube adjaaacies

ioi ,

00 Ol l l 101 ← Gray code

stiff
T
Gay
code
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Karnangh Map-
⑧ a 2 - dimensional unfolding of a hypercube
• a truth table with hypercube adjaaacies

ioi ,

00 Ol l l 101 ← Gray code

s f# aunt
A
Gay
code
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Karnangh Map-
⑧ a 2 - dimensional unfolding of a hypercube
• a truth table with hypercube adjaaacies

ioi ,

00 O l l l 10 ← Gray code
adjacent!soffit

'

am.

A
Gay
code
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Karnangh Map
⑧azwnal unfolding of a hypercube
• a truth table with hypercube adjaaacies

ioi ,

Oo ol l l 101 000

s 1%1-110
I 00#

"µ
000,001,011,111,101 , 011- 111

100,110,010,000, . . .
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Karnangh Map
⑧azwnal unfolding of a hypercube
• a truth table with hypercube adjaaacies

ioi ,

Oo O l l l 101 ooo
100

ot fts 'EHh÷.

000,001,011,111,101 ,

100,110,010,000, . . .
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Karnangh Map
⑧azwnal unfolding of a hypercube
• a truth table with hypercube adjaaacies

011 111

"
sub cubes

" correspond to products . . .
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Karnangh Map
⑧azwnal unfolding of a hypercube
• a truth table with hypercube adjaaacies

011 111

"
sub cubes

" correspond to products . . .
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Karnangh Map
⑧azwnal unfolding of a hypercube
• a truth table with hypercube adjaaacies

ii÷÷i÷÷:
"
sub cubes

" correspond to products . . .
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karnanghmapo.az
- dimensional unfolding of a hypercube

• a truth table with hypercube adjaaacies

\ To . I , 011 111

"
sub cubes

" correspond to products . . .
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Karnaugh Map
⑧azwnal unfolding of a hypercube
• a truth table with hypercube adjaaacies

T.io . 'll

÷÷÷÷÷i÷÷:
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Karnaugh Map
⑧azwnal unfolding of a hypercube
• a truth table with hypercube adjaaacies

T.io . 'll

÷÷÷÷÷i÷÷:
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Karnangh Map
⑧azwnal unfolding of a hypercube
• a truth table with hypercube adjaaacies

I 1 O O

s

. 011 111

Goal is tosw/ product rectangles . .
.
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Karnangh Map
⑧azwnal unfolding of a hypercube
• a truth table with hypercube adjaaacies

÷÷÷÷÷
Mums.io, is)= s . I , * 5.io
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"

::
'
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"

::
'
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"

i:*::
X ,
. Tty t Ig . Xyt Xz Xy
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Full adder :

÷÷÷÷÷÷÷÷
Cin Z := cnn.I.ty-I.n.xiytcm.I.ytc.u.x.ly
X ie : z PARITY (Gn,X,y)

+ y
-

coat := cin.xtx.y-y.ci
Coat 't
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01011101

-1110011102
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I 111
01011101

1- 11001110

¥011
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I l O l l l O O O

O l O l l l O l

t l l 001 l l O

¥011

Cn Cn - i
' Citci '

' ' Co

Xu- I . .
. Xi - - - Xo

1- Yu - I - - . Yi - e - Yo
-

Zn- I ' '
' Zi ' ' ' Zo
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I l O l l l O O O

O l O l l l 0 I

-1110011101O O l l l O l l
Xi Yi

c ;

cncn-i.ci.ci

"" adder

,Datta
Xu- I . .

. Xi - - - Xo

1- Yu - I . . . Yi - e - Yo
Citi zi

-

Zn- I ' '
' Z i ' ' ' Zo
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Cn Cn - '
' ci.fi .

' ' Co
'
'

Ripple carry
adder "

Xu- I . .
. Xi - - - Xo Xo Yo

c ,;
+ yn

.

- i . . . yi . .
- yo
#

Xi Yi -T

Zn- I ' '
' Zi ' ' ' Z

,

°

2 z - I

3 3 Z ,
'3¥!'" 93*424%90

. ¥
Cont

s
coat z¥z¥zo
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Q : How do we perform subtraction ?

Related Q : How do we represent negative integers ?
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Q : How do we perform subtraction ?

Related Q : How do we represent negative integers ?

A : two 's complement signed representation

X
n - I
Xu-z - ' - Xz X , Xo

y
sign
bit
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r

Reed : binary representation of
"

unsigned
"

integers

bit sequence is Xu . , Xn-2
' - ' Xzxixo

T
most significant bit
coefficient of 2 ""
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r

Reed : binary representation of
"

unsigned
"

integers

bit sequence is Xnyxn-2 ' - - Xzxixo

T
most significant bit
coefficient of zu- I

/
least

significant
bit

coefficient of

20
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r

Reed : binary representation of
"

unsigned
"

integers

bit sequence is Xu - ixn-2 ' - - Xzxixo

÷: ÷:*.
bit

coefficient coefficient of
of zi 20
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r

Reed : binary representation of
"

unsigned
"

integers

bit sequence is Xnyxn-z Xzxixo
r -

( coefficient
Represents number of zi

✓ =xm ,
-2
" - '
t Xu-52

" -I
.
- - +2 it . . . -14×224+1×0

E. g
.
10110111 represents 128+32-116+4+2*1=183

I. 128+0.64+1.32+1 - 16+0.8+1.4-11.2 -11.1
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Binary sequences of n=3

l l l

l l O

l O l

l 00

O l l
010
001

000
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Binary sequences of n=3

represents . . .
I l l 7

1 10 6

I 0 I
5

1 00 4

O l l 3

O 10 2

00 I 1

000 O
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Binary sequences of n=3

represents . . .
I l l 7

- I

I 10 6
- 2 ! ! !

5 - 3
I O l

l 00 4 - 4

O l l 3 3

01 O 2 2

00 I 1 I

000 O O

unsigned signed 2 's

interpretation complement interpretation
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Two's complement encoding . . .

I l l
- l

l l O
- 2

I O l
- 3

1 00
- 4

01 I 3

010 2

001 I

000 O
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Two's complement encoding . . .

3
Values raze from

-4 to 3

01 I lie . -22 to 22-1 .

010 2

001 1 In general , - Z'
" '

to 2
" - '
- I

.

000 0 In Ctt it is 32 bits

l l l
- l values are -23 ' to 23 '- I .

I 10
- 2

( O l
- 3 The long type is 64

bits .

I 00
- 4 Values are -263 to 263- I .

(Note : unsigned int is 0 to 232-1 )
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Two's complement encoding . . .

O l l 3

O 10 2

00 l l

000 O

l l l
- l

l l O
- 2

I O l
- 3

I 00
- 4

T leftmost bit tells us whether # is negative
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Two's complement encoding . . . negating

O l l 3
- 3

010 2
- 2

O O l l
- I

000 O O

l l l
- l l

l l O
- 2 2

( O l
- 3 3

( O O
- 4 - 4 1 00
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Two's complement encoding . . . negating

01 I 3
- 3 101

010 2
- 2 110

001 I ? ? ? - l l l l

000 O O 000

l l l
- l l 001

I 10
- 2 2 01 O

l O l
- 3 3 01 I

( OO
- 4 - 4 1 00
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Two's complement encoding . . . negating

301 I 100 101 - 3

2 010 101 I 10 - 2

I 001 invert 110 l l l - I

go.io, %: : oooo : :
- 2 1 10 00 I 0 I 0 2

- 3 I 0 I 010 O l l 3

- 4 1 00 Ol l l 00 -4

* drop any carry bit
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n-bitfulladderxn.ie
. - X ,Xo Yai

' - Yayo ⑦

*. " # n feed in

f

a

n

Zn. ,. . - Z ,Zo

l
overflow condition

with signed numbers if xn.iyn.FI
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n - bit futladdermhsnbtnctiscirn.IT
-

Xm . . - X. Xo Yai '
' - Yayo

Tinea I
I. n Ain

Ift
't

n

LYELLzn.i.z.zoseiwouiofgaffcifxu.i-lalyu.io) to invert
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OO t 00=000 lot 00=010

OO t 01 = 001 10 t 01=011

OO t 10=010 to + 10=1000
-2

- 2

00 t 11=011 10 t 11=1010
-2 - I

01 t 00=001 If + 00=011
01 t 01 = 010 II t 01 = 100

- C to

01 t 10=011 II t 10=1,01 ④
- I - 2

II t 11=110Ol t l l = 100 -

-
- l - I -2

I - I 0
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OO t 00=000 lot 00=010

OO t 01 = 001 10 t 01=011

OO t 10=010 to + 10=1000
-2

- 2

00 t 11=011 10 t 11=1010
-2 - I

01 t 00=001 If + 00=011
01 t 01 = 010 II t 01 = 100

- C to

01 t 10=011 II t 10=1,01 ④
- I - 2

II t 11=110Ol t l l = 100 -

-
- l - I -2

I - I 0


